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LOCAL-GLOBAL PRINCIPLE FOR CERTAIN BIQUADRATIC
NORMIC BUNDLES
YANG CAO AND YONGQI LIANG
Abstract. Let X be a proper smooth variety having an affine open subset de-
fined by the normic equation N
k(
√
a,
√
b)/k
(x) = Q(t1, . . . , tm)2 over a number
field k. We prove that : (1) the failure of the local-global principle for zero-
cycles is controlled by the Brauer group of X; (2) the analogue for rational
points is also valid assuming Schinzel’s hypothesis.
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1. Introduction
Let k be a number field and Ω be the set of places of k. We will discuss the local-
global principle for rational points and for 0-cycles on algebraic varietiesX supposed
proper smooth and geometrically integral over k. We write simply Xv = X ×k kv
for all v ∈ Ω and we denote by Br(X) the cohomological Brauer group of X. For
any abelian group M, denote Coker(M
n→M) by M/n.
The so-called Brauer–Manin obstruction to the local-global principle for rational
points on X is defined by Manin in 1970’s using the Brauer group Br(X), and it
is conjectured to be the only obstruction for geometrically rational varieties (or
even a larger family of varieties) [CTS77]. The local-global principle for 0-cycles
is obstructed similarly. After some reformulations, the following sequence (E) is
conjectured to be exact for all proper smooth varieties
(E) lim←−
n
CH0(X)/n→
∏
v∈Ω
lim←−
n
CH′0(Xv)/n→ Hom(Br(X),Q/Z),
which means that the Brauer group gives the only obstruction to the local-global
principle for 0-cycles, cf. [CTS81], [KS86], [CT95] for more information about
the conjecture, and [Wit12] for more details on the sequence. Instead of giving a
very long list of references of contributions to this longtime focused question, we
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mention some recent papers in which more historical details is presented : [BHB12]
for rational points, [Wit12] for 0-cycles, and [Pey] for older results.
In this paper, we restrict ourselves to a very concrete situation. Let K/k be a
finite extension of degree n and P (t1, . . . , tm) ∈ k[t1, . . . , tm] be a polynomial, the
equation
NK/k(x) = P (t1, . . . , tm)
defines in RK/kA
1 × Am = An+m a closed subvariety fibered over Am via the
parametric variables t1, . . . , tm.We consider proper smooth models of such varieties.
Question. Is the Brauer–Manin obstruction the only obstruction to the local-
global principle for rational points and for 0-cycles on this family of varieties?
Very little is known when K/k is a biquadratic Galois extension — a “simple”
case particularly mentioned in [CTSSD98, Rem. 1.5]. In such a case, theoretical
difficulties come from not only the degeneracy of the fibers but also the non-triviality
of Brauer groups of the fibers. We state the main result of the present paper as
follows.
Theorem 1.1. Let k be a number field and Q(t1, . . . , tm) ∈ k(t1, . . . , tm) be a non-
zero rational function. Let X be an arbitrary proper smooth model of the variety
defined by the equation
NK/k(x) = Q(t1, . . . , tm)
2,
where K/k is a biquardratic extension i.e. a Galois extension of Galois group
Z/2Z⊕ Z/2Z. Then
(1) the sequence (E) is exact for X ;
(2) assuming Schinzel’s hypothesis, the Brauer–Manin obstruction is the only
obstruction to the Hasse principle and to weak approximation for rational
points on X.
Our surprisingly short proof (in §2) bases on a geometric observation which
permits us to reduce the question to a case that can be deduced easily from existing
results. In the last section §3, we consider naturally expected generalizations and
explain why they can not be proved in the same manner.
2. Proof of the theorem
After several remarks, we will give a proof of the main theorem.
2.1. Several preliminary remarks.
2.1.1. Birational invariance of the question. Let X and X ′ be proper smooth and
geometrically integral k-varieties. Suppose that they are birationally equivalent,
i.e. they have the same function field k(X) = k(X ′). Then they have isomor-
phic Brauer groups. It follows from Lang-Nishimura’s theorem that the statement
“Brauer–Manin obstruction is the only obstruction to the Hasse principle and to
weak approximation for rational points” is valid for X ′ as long as it is valid for X.
Moreover the Chow group CH0(−) of 0-cycles is also a birational invariant [CTC79,
Prop. 6.3], whence so is the exactness of the sequence (E).
32.1.2. Algebraic tori associated to the equations. Let F be a field of characteristic
0. Any biquadratic extension E of F can be written as the form E = F (
√
a,
√
b)
with a, b ∈ F ∗ \ F ∗2. It has three different non-trivial subfields F (√a), F (√b) and
F (
√
ab) each of degree 2 over F.
Let T be the algebraic torus defined by the exact sequence of F -tori induced by
the norm map
1 −→ T −→ RE/FGm
NE/F−→ Gm −→ 1,
where RE/F is the Weil restriction of scalars. Similarly, the multiplication of norm
maps defines a torus S fixed into the exact sequence
1 −→ S −→ RF (√a)/FGm ×RF (√b)/FGm ×RF (√ab)/FGm −→ Gm −→ 1.
More explicitly, the tori T and S are defined respectively by
NE/F (x) = 1
and by
NF (
√
a)/F (u) ·NF (√b)/F (v) ·NF (√ab)/F (w) = 1.
The multiplication (u,v,w) 7→ u · v · w of the field E induces the middle vertical
morphism of tori in the following diagram. Note that NE/F (u ·v ·w) = [NF1/F (u) ·
NF2/F (v) · NF3/F (w)]2, the square on the right is commutative, the left vertical
morphism α is then induced.
1 // S //
α

RF (
√
a)/FGm ×RF (√b)/FGm ×RF (√ab)/FGm
λ
//

Gm //
2

1
1 // T // RE/FGm
µ
// Gm // 1
Lemma 2.1 ([CT, Prop. 3.1(b)]). The morphism α is an epimorphism whose
kernel S0 is isomorphic to G
2
m.
Proof. We give a quick proof here and we will come back to the discussion of this
key lemma in §3, more proofs are available.
We investigate the associated homomorphism between Galois modules of char-
acter groups.
Denote by G ≃ Z/2Z ⊕ Z/2Z the Galois group of E/F. The subgroup Ga =
Gal(E/F (
√
a)) ≃ Z/2Z (resp. Gb = Gal(E/F (
√
b)), Gab = Gal(E/F (
√
ab))) is
generated by an element τ (resp. σ, τσ). The quotient G/Ga ≃ Z/2Z (resp. G/Gb,
G/Gab) is generated by the image σ
′ (resp. τ ′, γ) of σ (resp. τ, τ).
With the notation above, we obtain the associated diagram of character groups
0 Sˆoo Z× σ′Z× Z× τ ′Z× Z× γZoo Zλˆoo 0oo
0 Tˆoo
αˆ
OO
Z× τZ × σZ× τσZoo
OO
Z
µˆ
oo
2
OO
0oo
where the homomorphism λˆ an µˆ are diagonal embeddings and the middle vertical
Galois equivariant homomorphism is given explicitly by
(x1, x2, x3, x4) 7→ (y1, y2, y3, y4, y5, y6) = (x1+x2, x3+x4, x1+x3, x2+x4, x1+x4, x2+x3).
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The Galois equivariant homomorphism
(y1, y2, y3, y4, y5, y6) 7→ (y1 + y2 − y3 − y4, y1 + y2 − y5 − y6)
maps the diagonal image of Z to 0, hence it defines a homomorphism βˆ : Sˆ → Z×Z.
One checks by explicit calculation that
0 −→ Tˆ
αˆ
−→ Sˆ
βˆ
−→ Z× Z −→ 0
is exact, which means that α is an epimorphism with kernel S0 ≃ G2m. 
On the level of rational points, the torus S0 is defined by the equations
(⋆)
{
u · v ·w = 1
NF (
√
a)/F (u) ·NF (√b)/F (v) ·NF (√ab)/F (w) = 1 .
In the proof of Theorem 1.1, the field F will be the function field k(t1, . . . , tm), the
tori T and S will be isotrivial i.e. a, b ∈ k∗ andE = F (√a,
√
b) = k(
√
a,
√
b)(t1, . . . , tm).
By abuse of notation, we denote the k-torus Nk(
√
a,
√
b)/k(x) = 1 also by T, and sim-
ilarly for S.
2.2. Proof of Theorem 1.1.
Proof. We may writeK = k(
√
a,
√
b) with a, b ∈ k∗. The varietyX that we consider
is a proper smooth model of the equation NK/k(x) = Q(t1, . . . , tm)
2. With the
notation in §2.1.2, this equation defines the fiber of µ over the point Q(t1, . . . , tm)2
of Gm,k(t1,...,tm), we denote it by W. It is a principal homogeneous space under the
torus T.
Consider the fiber, denoted by V, of λ over the pointQ(t1, . . . , tm) ofGm,k(t1,...,tm).
It is defined by the equation
Nk(
√
a)/k(u) ·Nk(√b)/k(v) ·Nk(√ab)/k(w) = Q(t1, . . . , tm),
it is a principal homogeneous space under the torus S.
Associating (u,v,w) to their product x = u · v · w, we define a k(t1, . . . , tm)-
morphism φ : V → W. The last morphism extends to a certain k-morphism Φ
between k-varieties
V0
Φ
//
  
❅❅
❅❅
❅❅
❅
W0
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
U
fibered over a certain open subset U of Pm, whose generic fiber is the morphism
φ. As S → T is an epimorphism of tori, torsors V and W become trivial over the
algebraic closure, the morphism φ is then geometrically surjective. We may assume
moreover that Φ is geometrically surjective. The morphism Φ : V0 →W0 is a torsor
under the torus S0. In fact, the fiber of Φ over each point (x, t1, . . . , tm) of W0 is
defined by the equations{
u · v ·w = x
NF (
√
a)/F (u) ·NF (√b)/F (v) ·NF (√ab)/F (w) = Q(t1, . . . , tm) ,
on which the torus S0 (defined by (⋆) in §2.1.2) acts freely transitively by multiplica-
tion at each coordinate component. In other words, the variety V0 defines a class in
the cohomologyH1(W0, S0). Note that S0 ≃ G2m by Lemma 2.1, thanks to Hilbert’s
90 we obtainH1(k(W0), S0) = 0. Restricted to the generic point Spec(k(W0)) ofW0,
5the class [V0] becomes 0. Therefore the function field k(V0) is a purely transcenden-
tal extension of k(W0) of transcendental degree 2.We deduce that V0 is birationally
equivalent to W0 × P2, and the latter is birationally equivalent to X × P2.
Recall that V0 → U ⊂ Pm has generic fiber defined by
Nk(
√
a)/k(u) ·Nk(√b)/k(v) ·Nk(√ab)/k(w) = Q(t1, . . . , tm).
Birationally, the equation is the same as
Nk(
√
a)/k(u) =
Q(t1, . . . , tm)
Nk(
√
b)/k(v) ·Nk(√ab)/k(w)
,
which can be viewed as a fibration in conics over Pm+4 via the parametric variables
(t1, . . . , tm,v,w). For proper smooth models of V0, the statement (1) of the theorem
has been proved in [Lia, §6] (with a Corrigendum); and the statement (2) has been
proved by Wittenberg in [Wit07, Cor. 3.5]; an alternative proof for the case m = 1
is also available in a recent preprint of Wei [Wei, Thm. 3.5].
By the birational invariance of the statements (1) and (2), the following lemma
will complete the proof. 
Lemma 2.2. Let k be a number field and X be a proper smooth and geometrically
integral k-variety.
(1) If the sequence (E) is exact for X × Pn, then it is also exact for X.
(2) If the Brauer–Manin obstruction to the Hasse principle and to weak ap-
proximation for rational points on X × Pn, then it is also the case for X.
Proof. Note that the projection π : X×Pn → X induces an isomorphism Br(X) ≃→
Br(X×Pn). Fix a k-rational point p of Pn, the map x 7→ (x, p) defines a section σ :
X → X ×Pn of π. Diagram chasing proves the first statement. Functoriality of the
Brauer–Manin pairing and obvious fibration argument prove the second statement.

3. A remark on “generalizations”
In this section, we consider naturally expected generalizations and explain why
they can not be proved in the same manner.
Let p be a prime number and K/k be a Galois extension of Galois group Z/pZ⊕
Z/pZ. One may expect that the analogue of Theorem 1.1 holds for proper smooth
models of the equation
NK/k(x) = Q(t1, . . . , tm)
p.
Once an analogue of Lemma 2.1 for more general p is established, i.e. the homo-
morphism α is an epimorphism with kernel S0 ≃ Gpm, all the remaining arguments
still work well. In this section we will prove Proposition 3.1 below. Unfortunately,
for p > 2 the kernel S0 is not connected anymore.
Consider a Galois extension E/F of Galois group G = Z/pZ⊕Z/pZ, it has p+1
nontrivial sub-extensions Fi(i = 0, . . . , p). The subgroup Gi = Gal(E/Fi) ≃ Z/pZ
and Hi = G/Gi = Gal(Fi/F ) ≃ Z/pZ. We can write down explicitly the Galois
equivariant homomorphism induced by quotients G→ Hi
ρˆ : Z[G]→
p∏
i=0
Z[Hi].
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It factorises through quotients by the diagonally embedded Z and gives the homo-
morphism
αˆ : Tˆ =
Z[G]
Z
→ Sˆ =
∏p
i=0 Z[Hi]
Z
.
This last homomorphism between Galois modules is associated to a morphism α :
S → T between algebraic tori, where S is the torus defined by ∏pi=0NFi/F (ui) = 1
and T is the torus defined by NE/F (x) = 1.
Proposition 3.1. The morphism α is an epimorphism. The kernel S0 = Ker(α) is
a group of multiplicative type, its identity component S◦0 is isomorphic to G
p
m and
its group of connected component π0(S0) is isomorphic to (Z/pZ)
p−2 as an abelian
group. In particular S0 ≃ Gpm for p = 2.
The proof by investigating exact sequences of Galois modules is not difficult but
rather long, we outline the main steps and leave some detailed verification to the
readers. We will apply repeatedly the following obvious lemma.
Lemma 3.2. Let R be a commutative ring and let I and J be its ideals. Then
r 7→ (r, r) and (r1, r2) 7→ r1 − r2 give rise to an exact sequence of R-modules
R/IJ −→ R/I ×R/J −→ R/(I + J) −→ 0.
Proof of Proposition 3.1. We begin with a commutative diagram with exact rows
(♯1) 0 // Z //
p

Z[G] //
ρˆ

Tˆ //
αˆ

0
0 // Z //
∏p
i=0 Z[Hi]
// Sˆ // 0
.
Note that Tˆ is a free abelian group, the snake lemma implies that the injectivity
of αˆ is equivalent to that of ρˆ. It suffices to prove the injectivity and study the
cokernel of αˆ via the induced exact sequence
(♯2) 0 −→ Z/pZ −→ Coker(ρˆ) −→ Coker(αˆ) −→ 0.
To fix notation, we choose generators x and y of G = Z/pZ ⊕ Z/pZ. With
multiplicative notation, the group ring Z[G] is isomorphic to the quotient of the
polynomial ring Z[x, y]/(xp − 1, yp − 1) equipped with obvious Galois action via
multiplication. Similarly, we have Z[Hi] ≃ Z[zi]/(zpi − 1) and Z[G] → Z[Hi] is
given by x 7→ zi, y 7→ zii (resp. x 7→ 1, y 7→ z0) if i 6= 0 (resp. i = 0). We denote
1 + t + · · · + tp−1 simply by v(t) for t = x, y, or zi. Then we have the following
natural homomorphisms
hi : Z[Hi] ≃ Z[zi]/(zpi − 1)→ Z[zi]/(v(zi))× Z[zi]/(zi − 1) = Z[zi]/(v(zi))× Z,
fi : Z[G]→ Z[Hi] hi→ Z[zi]/(v(zi))× Z,
gi = pr
1
i ◦ fi : Z[G]→ Z[zi]/(v(zi)),
j = pr2i ◦ fi : Z[G]→ Z.
We remark that this last homomorphism j does not depend on i.
Injectivity of ρˆ.
As Z[G] is torsion free, it suffices to show that ρˆ ⊗ Q is injective. It is clear
that hiQ maps Q[Hi] isomorphically to a product of two fields Q[zi]/(v(zi)) × Q.
By Maschke’s theorem and Artin–Wedderburn theorem, the group algebra Q[G] of
7an abelian group is also isomorphic to a product of finite extensions of Q, hence
Spec(Q[G]) is a finite disjoint union of its reduced closed points.
Consider reduced closed subschemes of Spec(Q[G]) given by surjective projec-
tions fiQ : Q[G]։ Q[zi]/(v(zi))×Q, all of them contain a common reduced closed
point given by jQ : Q[G] ։ Q. Once we can show that giQ : Q[G] ։ Q[zi]/(v(zi))
have distinct kernels for different i, then Spec(Q[zi]/(v(zi))) are distinct closed
points of Spec(Q[G]). By calculation of dimension of Q-vector spaces, we can con-
clure that Q[G] is isomorphic to
∏p
i=0Q[zi]/(v(zi))×Q.
Note that Ker(fiQ) ⊂ Ker(giQ) and dimQKer(giQ) = dimQKer(fiQ) + 1 = p(p−
1)+1, in order to prove that Ker(giQ) 6= Ker(gi′Q) for i 6= i′ it suffices to show that
dimQ(Ker(fiQ)∩Ker(fi′Q)) 6 p(p− 1)− 2. By the symmetricity of subgroups of G
we may assume that i = 0 and i′ = p, simple calculation shows that the inequality
is valid if p > 2. For the case p = 2, we can check directly without dimensional
argument that Ker(giQ) 6= Ker(gi′Q) for i 6= i′.
We have proved the injectivity of ρˆ and αˆ.
Calculation of Coker(αˆ).
Consider the following commutative diagram with exact rows
(♯3)
0 // Z[G]
ρˆ
//
∏
gi×j

∏p
i=0 Z[Hi]
//
∏
hi

Coker(ρˆ) //
ϕ

0
0 //
∏p
i=0 Z[zi]/(v(zi))× Z //
∏p
i=0 Z[zi]/(v(zi))×
∏p
i=0 Z
// Zp+1/Z // 0
,
where Zp+1/Z is the cokernel of the diagonal embedding. The induced homomor-
phism ϕ is surjective since Z[Hi]→ Z is surjective for every i. We have proved that
(
∏
gi×j)Q and (
∏
hi)Q are isomorphisms, then
∏
gi×j and
∏
hi are both injective
and Ker(ϕ) is a torsion group. Lemma 3.2 shows that Coker(
∏
hi) = (Z/pZ)
p+1.
We obtain an exact sequence
0 −→ Ker(ϕ) −→ Coker(
∏
gi × j) −→ (Z/pZ)p+1 −→ 0
On the other hand, in the sequence (♯2) the image of Z/pZ must be contained in
the torsion part Coker(ρˆ)tors = Ker(ϕ). We denote by πˆ0 = Ker(ϕ)/(Z/pZ), then
we obtain exact sequences
(♯4) 0 −→ πˆ0 −→ Coker(
∏
gi × j)
Z/pZ
−→ (Z/pZ)p+1 −→ 0
and
0 −→ πˆ0 −→ Coker(αˆ) −→ Zp+1/Z −→ 0.
Since Zp+1/Z is isomorphic to Zp as a Galois module, in order to conclure it suffices
to show that πˆ0 is isomorphic to (Z/pZ)
p−2 as an abelian group.
The rest of the proof is devoted to the calculation of πˆ0. Lemma 3.2 gives the
following two exact sequences (who become the middle column of the next diagram)
0→ Z[x, y]/(xp−1, y−1)→ Z[x, y]/(v(x), y−1)×Z[x, y]/(x−1, y−1)→ Z/pZ→ 0,
0→ Z[x, y]/(xp−1, v(y))→ Z[x, y]/(v(x), v(y))×Z[x, y]/(x−1, v(y)) → Fp[y]/(v(y))→ 0,
where the injectivity on the left is verified by tensoring with Q. Then we obtain
the following commutative diagram by applying the snake lemma to the first two
columns. The exactness of the upper row is deduced again by Lemma 3.2. The first
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homomorphism in the middle row is nothing but
∏
gi × j seen by identifying x, y
with their images in Z[zi]/(v(zi)) for each i.
(♯5)
0

0

Z[G] //
=

Z[x, y]/(xp − 1, v(y))× Z[x, y]/(xp − 1, y − 1) //
ψ

Fp[x]/(x
p − 1) //
ψ¯

0
Z[G] // Z[x, y]/(v(x), v(y)) × Z[y]/(v(y))× Z[x]/(v(x)) × Z //
η

Coker(
∏
gi × j) //
η¯

0
Fp[y]/(v(y))× Z/pZ

=
// Fp[y]/(v(y))× Z/pZ

0 0
.
We are going to find out the image of 1 ∈ Z/pZ in Ker(ϕ) ⊂ Coker(∏ gi ×
j). According to the diagram (♯1), its image in Coker(ρˆ) lifts to the element of∏p
i=0 Z[Hi] represented by (v(zi))i ∈
∏p
i=0 Z[zi]/(z
p
i − 1) =
∏p
i=0 Z[Hi]. Applying∏
hi we get (0, . . . , 0, p, . . . , p) ∈
∏p
i=0 Z[zi]/(v(zi)) ×
∏p
i=0 Z, which comes from
(0, . . . , 0, p) ∈ ∏pi=0 Z[zi]/(v(zi)) × Z. This last element is identified (in ♯5) with
(0, 0, 0, p) ∈ Z[x, y]/(v(x), v(y)) × Z[y]/(v(y)) × Z[x]/(v(x)) × Z, which is exactly
the image of (0, v(x)) under ψ. Therefore the image of 1 ∈ Z/pZ in Coker(∏ gi× j)
equals −v(x) ∈ Fp[x]/(xp − 1) ⊂ Coker(
∏
gi × j) and hence
0 −→ Fp[x]/(v(x)) ψ¯−→ Coker(
∏
gi × j)
Z/pZ
η¯−→ Fp[y]/(v(y))× Z/pZ −→ 0
is exact.
We are going to show that this exact sequence is split. Consider the element
x ∈ Fp[x]/(v(x)) and its image ψ¯(x). The element x lifts to (0,−x) in the middle
column of the diagram (♯5), then ψ¯(x) = ψ¯(x) lifts to ψ(0,−x) = (0, 0,−x,−x) =
(0, 0,−x,−1). On the other hand, we have another diagram (♯5′) switching x and
y with mappings denoted by ψ′, η′, ψ¯′, and η¯′. In the middle row of (♯5′), we
have (0,−x, 0,−1) 7→ ψ¯(x) ∈ Coker(∏ gi × j), hence η¯′(ψ¯(x)) = η′(0,−x, 0,−1) =
(x, 1) ∈ Fp[x]/(v(x))×Z/pZ. In other words pr1(η¯′(ψ¯(x))) = x ∈ Fp[x]/(v(x)) where
pr1 is the projection to the first component. Notice that all the homomorphisms are
Galois equivariant and the Galois action on Fp[x]/(v(x)) is given by multiplication,
therefore pr1 ◦ η¯′ is a splitting of ψ¯ and
Coker(
∏
gi × j)
Z/pZ
≃ Fp[x]/(v(x)) × Fp[y]/(v(y))× Z/pZ.
Then the sequence (♯4) implies that πˆ0 is isomorphic to (Z/pZ)
p−2 as an abelian
group. This completes the proof. 
In the end, we would like to give an alternative proof of Lemma 2.1. Let us
follow the tracks of the proof which may explain to some extent why we have the
difference on connectedness between the cases p = 2 and p > 2 : the equivalences
9(⋆) ⇔ (⋆⋆) ⇔ (⋆ ⋆ ⋆) can be easily established in the case p = 2, but difficulties
appear for p > 2.
An alternative proof of Lemma 2.1. On the level of rational points, for any exten-
sion L of F we need to show that S0(L) is (functorially) isomorphic to G
2
m(L) as
abelian groups.
By definition S0(L) is given by the triples
(u,v,w) ∈ F (√a)⊗F L× F (
√
b)⊗F L× F (
√
ab)⊗F L
satisfying
(⋆)
{
u · v ·w = 1
NF (
√
a)/F (u) ·NF (√b)/F (v) ·NF (√ab)/F (w) = 1 .
Fix a L-linear base of F (
√
a) ⊗F L (resp. F (
√
b) ⊗F L, F (
√
ab) ⊗F L), we write
u = u1+u2
√
a (resp. v = v1+ v2
√
b, w = w1+w2
√
ab) with u1, u2, v1, v2, w1, w2 ∈
L. Easy calculation shows that (⋆) is equivalent to
(⋆⋆)


1 = u1v1w1
0 = u2v2w2
0 = u1v2w2b+ u2v1w1
0 = u1v2w1 + u2v1w2a
0 = u1v1w2 + u2v2w1
.
Whence one of u2, v2, w2 must be 0, and no matter which one equals 0 the last three
equalities imply that the other two are also 0. Then (⋆⋆) is equivalent to
(⋆ ⋆ ⋆)
{
1 = u1v1w1
0 = u2 = v2 = w2
,
which by definition is exactly G2m(L). 
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